In this article, we study the vector and axialvector Bc mesons with the QCD sum rules, and make reasonable predictions for the masses and decay constants, then calculate the leptonic decay widths. The present predictions for the masses and decay constants can be confronted with the experimental data in the future. We can also take the masses and decay constants as basic input parameters and study other phenomenological quantities with the three-point vacuum correlation functions via the QCD sum rules.
Introduction
In 1998, the CDF collaboration observed the pseudoscalar bottom-charm B c mesons through the decay modes B the Fermilab Tevatron, the measured mass is M Bc = (6.40 ± 0.39 ± 0.13) GeV [1] . In 2007, the CDF collaboration observed the pseudoscalar B c mesons with a significance exceeds 8 σ through the decay modes B ± c → J/ψπ ± in pp collisions at the energy √ s = 1.96 TeV using the Collider Detector at Fermilab (CDF II), the measured mass is M Bc = (6275.6 ± 2.9 ± 2.5) MeV [2] . In 2008, the D0 collaboration reconstructed the B ± c → J/ψπ ± decays and observed the pseudoscalar B c mesons with a significance more than 5 σ, the measured mass is M Bc = (6300 ± 14 ± 5) MeV [3] . Now the average value listed in the Review of Particle Physics is M Bc = (6.277 ± 0.006) GeV [4] . Other B c mesons, such as the scalar, vector, axialvector, tensor B c mesons, have not been observed yet, but they are expected to be produced at the Large Hadron Collider (LHC) in the future [5, 6] .
The heavy quarkonium states and triply-heavy baryon states play an important role both in studying the interplays between the perturbative and nonperturbative QCD and in understanding the heavy quark dynamics due to the absence of the light quark contaminations. The bottom-charm quarkonium states B c , which consist of the heavy quarks with different flavors, are of special interesting. The ground states and the excited states lying below the BD, BD * , B * D, B * D * thresholds cannot annihilate into gluons, and therefore are more stable than the corresponding charmonium and bottomonium states, and would have widths less than a hundred KeV [7] . The excited states can undergo radiative or hadronic transitions to the ground state pseudoscalar B c mesons, which decay weakly. There have been several theoretical works on the mass spectroscopy of the B c mesons, such as the relativized (or relativistic) quark model with an special phenomenological potential [7, 8, 9, 10] , the nonrelativistic quark model with an special phenomenological potential [11, 12, 13, 14] , the semi-relativistic quark model using the shifted large-N expansion [15] , the perturbative QCD [16] , the nonrelativistic renormalization group [17] , the lattice QCD [18, 19] , etc.
The QCD sum rules is a powerful theoretical tool in studying the heavy quarkonium states [20, 21] , and the existing works focus on the S-wave heavy quarkonium states J/ψ, η c , Υ, η b , and the P -wave spin-triplet heavy quarkonium states χ cj , χ bj , j = 0, 1, 2 [21, 22] . The pseudoscalar B c mesons have been studied by the full QCD sum rules [23, 24, 25, 26] and the potential approach combined with the QCD sum rules [12, 27, 28] , while the vector B c mesons (B * c ) have been studied by the full QCD sum rules [25, 26] , and the axialvector B c mesons have not been studied yet. where the s 0 are the continuum threshold parameters. Now, we briefly outline the operator product expansion for the correlation functions Π µν (p). We contract the quark fields in the correlation functions Π V /A µν (p) (here we add the indexes V and A to denote the vector and axialvector currents respectively) with Wick theorem firstly,
where the B ij (x) and C ij (x) are the full b and c quark propagators, and can be written as S ij (x) collectively,
and t n = λ n 2 , the λ n is the Gell-Mann matrix, the i, j are color indexes,
αβ is the gluon condensate [21] ; then complete the integrals both in the coordinate space and in the momentum space, which corresponds to calculate the Feynman diagrams in Figs.1-3 ; finally obtain the correlation functions Π µν (p) (or Π(p)) at the level of the quark-gluon degrees of freedom.
In calculations, we have used the equation of motion, D ν G a µν = q=u,d,s g sq γ µ t a q, and taken the approximation ss =to obtain the contributions of the four-quark condensates. The contributions of the four-quark condensates are depressed by inverse powers of the large Euclidean momentum −p 2 (thereafter the Borel parameter T 2 ) and play minor important roles, we neglect other diagrams contribute to the four-quark condensates of the order O(α 2 s ). We also neglect the contributions come from the three gluon condensates, as they are also depressed by inverse powers of the large Euclidean momentum −p 2 . The Feynman diagrams for the next-to-leading-order perturbative contributions are shown in Fig.4 . We calculate the diagrams using the Cutkosky's rule to obtain the spectral densities. There are two routines in application of the Cutkosky's rule (or optical theorem), we resort to the routine used in Ref. [21] , not the one used in Ref. [29] . There are ten possible cuts, the six cuts shown in Fig.5 attribute to virtual gluon emissions and correspond to the self-energy corrections and vertex corrections, while the four cuts shown in Fig.6 correspond to real gluon emissions, for technical details, one can consult Ref. [30] .
Once analytical expressions of the spectral densities at the quark level are obtained, then we take the quark-hadron duality and perform the Borel transforms with respect to the variable 
2 to obtain the following QCD sum rules,
where
x , and the T 2 is the Borel parameter. The explicit expressions of the
(s) are given in the appendix.
We can eliminate the decay constants f Bc(1 ∓ ) and obtain the QCD sum rules for the masses of the vector and axialvector B c mesons,
then use the resulting masses as input parameters to obtain the decay constants f Bc(1 ∓ ) .
Numerical results and discussions
The mass of the pseudoscalar B c meson is M Bc = (6.277 ± 0.006) GeV from the Particle Data Group [4] , while the calculations based on the nonrelativistic renormalization group indicate that [17] . We can tentatively take the continuum threshold parameters as s The quark condensate is taken to be the standard value= −(0.24±0.01 GeV) 3 at the energy scale µ = 1 GeV [31] . The quark condensate evolves with the renormalization group equation,
αs(Q) αs(µ) [33, 34] , the nonrelativistic large-n Υ sum rules with renormalization group improvement [35] and the lattice QCD [36] indicate (slightly) different values. We take the M S masses m c (m [4] . Furthermore, we take into account the energyscale dependence of the M S masses from the renormalization group equation,
where t = log , Λ = 213 MeV, 296 MeV and 339 MeV for the flavors n f = 5, 4 and 3, respectively [4] .
In Fig.7 , we plot the threshold (m b + m c ) 2 with variations of the energy scales. From the figure, we can see that the threshold (m b + m c ) 2 decreases quickly with increase of the energy scale, the energy scale should be larger than 1.7 GeV for the bc or cb system, we can take the typical energy scale µ = 2 GeV, which corresponds to the threshold + · · · , we maybe expect that a simple replacement of the corresponding quantities in the spectral densities ρ 0 (s), ρ 1 (s) and ρ con (s) can lead to analogous results, such an expectation is sensible only in the case that the integral ranges In Table 2 , we present the theoretical values of the masses of the vector and axialvector B c mesons from the relativized (or relativistic) quark model with an special potential [7, 8, 9, 10] , the nonrelativistic quark model with an special potential [11, 12, 13] , and the lattice QCD [18] . From the Table, we can see that the present predictions are consistent with those values. In Table 5 3, we present the values of the decay constants of the vector and axialvector B c mesons from the relativistic quark model with an special potential [8] , the nonrelativistic quark model with an special potential [11, 12, 13, 14] , the light-front quark model [37, 38] , the Bethe-Salpeter equation [39] , and field correlator method [40] . The present predictions f Bc(1 − ) = 0.384 ± 0.032 (0.416), 0.415 ± 0.031 (0.459) GeV are compatible with those theoretical calculations f Bc(1 − ) = (380 − 520) MeV [8, 11, 12, 13, 14, 37, 38, 39, 40] , while the present prediction f Bc(1 + ) = 0.373 ± 0.025, 0.374 ± 0.023 GeV is much larger than the value 160 MeV from the Bethe-Salpeter equation [39] . At present time, it is difficult to say which value is superior to others. The leptonic decay widths Γ ℓν ℓ of the vector and axialvector B c mesons can be written as,
where ℓ = e, µ, τ , the Fermi constant G F = 1.16637 × 10 −5 GeV −2 , the CKM matrix element V cb = 40.6 × 10 −3 , the masses of the leptons m e = 0.511 × 10 −3 GeV, m µ = 105.658 × 10 −3 GeV, m τ = 1776.82 × 10 −3 GeV [4] . We use the masses and decay constants of the vector and axialvector 
where the uncertainties originate from the uncertainties of the masses and decay constants, respectively. The radiative decay widths of the electric dipole (or magnetic dipole) transitions B ± c (1
are about tens of KeV (or eV) from the potential models [8, 11, 12, 13] , the branching fractions of the B c (1
are of the order 10 −7 (or 10 −4 ), the tiny (or small) branching fractions maybe (or maybe not) escape experimental detections. The bb pairs and the S-wave, P -wave B c mesons would be copiously produced at the LHCb [5, 6] , we expect that a large number of vector and axialvector mesons events would be accumulated, and the experimental study of the branching fractions of the leptonic decays of vector (maybe also the axialvector) B c mesons are feasible.
For the heavy quarkonium states, the relative velocities ω of the quarks are small, we should account for the Coulomb-like α C s ω corrections. After taking into account all the Coulomb-like contri- [7] [8]
[ butions, we obtain the coefficient F (ω) to dress the leading-order spectral densities ρ 0 ± (s) [27, 41] ,
If we take the approximation α C s = α s , then 1 +
. In Fig.10 , we plot the ratio R = 
with the M S masses (pole masses), those predictions are also shown in Tables 2-3 
Conclusion
In this article, we study the vector and axialvector B c mesons by including the next-to-leading order perturbative contributions in the operator product expansion with the QCD sum rules, and make reasonable predictions for the masses and decay constants, then calculate the leptonic decay widths. The present predictions for the masses and decay constants can be confronted with the experimental data in the future at the LHC. We can also take the masses and decay constants as basic input parameters and study other phenomenological quantities, such as the semi-leptonic, non-leptonic and radiative decays. 
